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We consider a system of nonlinear parabolic partial differential equations arising 
as a model of laminar flames in a premixed reactive gas. The existence of traveling 
wave solutions has been established for positive ignition temperature by Berestycki, 
Nicolaenko, and Schemer and by Terman for zero ignition temperature. Stability 
and instability of these solutions have been established in various situations by 
Sivashinsky, Clavin, and recently Terman. Our goal is to study the equations with 
initial data that are bounded, uniformly continuous, and nonnegative but otherwise 
arbitrary. We establish the existence of unique global strong solutions satisfying 
appropriate a priori estimates. With a positivity condition imposed on the initial 
data for the temperature, we show that the concentration decays exponentially. This 
result, while easy to obtain, plays an important role in results that follow. Of 
greatest physical interest are the cases where ignition occurs precisely at one end. 
Our main result is that if the average of the initial temperature values at the ends 
of the chamber is above ignition temperature. then on any ray coming from the 
ignition end the temperature is uniformly above ignition temperature, and the 
concentration decays uniformly to zero. We can continually advance the endpoint 
of this zone of ignition, thus roughly mimicking the motion of traveling wave 
solutions. We also point out the appropriateness of the averaging condition on the 
initial temperature and discuss two examples where this averaging condition is not 
satisfied: in one, we eventually have flame propagation and in the other example we 
have eventual flame extinguishment on any ray coming from the cold end of the 
chamber. < 1990 Academic Press. Inc. 
1. INTR~OUCTI~N 
The system of nonlinear parabolic partial differential equations 
T, = do T,, + Q V-C T) (l.la) 
Y,=d, Y,,- V(T) (l.lb) 
models, for certain choices of f, the dynamics of laminar flames in a 
premixed reactive gas. With t >, 0 and - CC <s < ‘xc, T= T(.u, t) denotes 
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the temperature and Y= Y(x, I) denotes the concentration of the reactant 
A in the one-step reaction A --f B; the parameters do, d,, and Q are positive 
constants. 
A typical choice forfis the usual Arrhenius rate law 
T<O 
7 Tao 
(1.2) 
for positive constants B and E. Formula (1.2) corresponds to the case 
where the ignition temperature Tr is zero. For T, > 0, we replace f(T) by 
f( T- T,) in (1.2). See Williams [ 121 for the physical background behind 
Eq. (1.1) and (1.2). 
The existence of traveling wave solutions of (1.1) was established by 
Berestycki, Nicolaenko, and Scheurer [3] in the case T, >O, and by 
Terman [lo] in the case T, = 0. These results hold for f satisfying various 
genera1 conditions which include the Arrhenius law (1.2). The traveling 
wave solutions have constant values at + xj which are (pairwise) constant 
steady-state solutions of ( 1.1). Stability-and instability--results for the 
traveling waves where f is as in (1.2) have been obtained by Sivashinsky 
[9], Clavin [4], and recently Terman [ll]. The criteria for stability and 
instability depend on the size of E and the ratio of ti,, to d,; please see the 
above works for details as well as the physical significance of the criteria. 
In this paper we consider the genera1 initial-value problem for ( 1.1) with 
suitably arbitrary initial data. Specifically, if we set 
T(x, 0) = To, Y(s, 0) = Y” (1.3) 
then for our basic existence results and a priori estimates we assume only 
that To and Y, are nonnegative and that To, Y,E C[ - (co, x8], the 
uniformly continuous functions on IF!. Ail of our assumptions on f will 
include the case (1.2) and will apply to both the cases T, = 0 and T, > 0; 
our basic assumptions are that f is a Cl-map from R to the nonnegative 
reals, and that there exist constants N and A4 such that 
O<f(T)<M for T30, (1.4a) 
I./-‘( T)I d N for all T. (1.4b) 
Note that the Arrhenius law satisfies conditions (1.4) by L’Hopital’s rule. 
Under these conditions we will establish the existence of unique global 
strong solutions T and Y of (1.1) satisfying the a priori estimates 
II T(f)ll x d II To II x + Qll Yo II x MI; (1Sa) 
II Y(f)ll r d II Yo II r ( ISb) 
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Here 11. II v‘ denote the supremum norm on C[ - a, co]. The bound (Mb) 
is to be expected since the concentration A is burning up. The estimate 
(1.5a) shows that the temperature’s growth rate is bounded by a linear 
function of t. 
With additional assumptions on f and T,, we can establish a bound on 
T and the uniform convergence of Y to zero as t + + rx, One such set of 
assumptions is that there exists a nonnegative number T, such that f(T) is 
monotonically increasing for T > T, and that there exists a number M: such 
that T, < a 6 T,(x) for all s E R. In this case we will in fact prove the decay 
estimate 
II Y(t)ll, G II YoII x epp’, (1.6) 
where j? =f(cr), and we will use (1.6) to show that T stays bounded. 
If we replace the positivity condition on To by the assumption that To 
has limits at f a, set lim x 4 ~ % T,(x) = T; and lim,, + x T,,(x) = T,+ , 
and suppose that 
T; > T,, T, > T,, (1.7) 
then we will show that eventuaffy the concentration decays exponentially, 
i.e., there exist a t* > 0 and a /I* such that if t > t* 
\IY(t)lj Q IIY(t*)jl, epP*(r-r*‘g IIY,\l, e-B*(r-‘*‘. (1.8) 
We will see that t* and /I* depend only onf, T,+ , T; , and d,. In this case 
also we will show that T stays bounded. 
The case of greatest interest is when ignition occurs at one end only-the 
model setup for studying flame propagation and in particular traveling 
wave solutions. Our main goal will be to show that when (T,+ + T; )/2 > 
T,, then on any ray coming from the ignition end T(x, t) is eventually 
uniformly larger than T, and Y(x, t) decays uniformly to zero as t + + co. 
Note that this averaging condition allows To to be cold at one end but 
not too cold relative to the other end. We prove this result in Section 6, 
using ideas and arguments from the earlier results, and motivate in 
Section 6 and Section 8 the appropriateness of the averaging condition. 
Also in Section 8 we discuss how the proof of this result implies a sense 
of movement that mimics somewhat the motion of traveling waves. 
In Section 7 we discuss two examples of ignition at one end but where 
CT,‘+ T,)/2< T,. In the first example we show that eventually 
(T( - co, t) + T( + xc, t))/2 > T,, so that subsequently Y decays to zero and 
the flame propagates as in Section 6. In the second example we show that 
the flame is eventually extinguished on any ray coming from the cold end. 
The exponential decay and eventual exponential decay cases will be treated 
in Sections 4 and 5, respectively. In Section 3 we discuss the case d, = d,, 
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and show in this case that T(r) converges to a bounded continuous steady 
state on compact x-intervals if and only if Y(r) does. Note that this implies 
that both T and Y converge to steady states in Sections 4, 5, and 6 if in 
addition do = d,. We begin, in Section 2, with the basic existence results 
and a priori estimates. 
2. GLOBAL EXISTENCE AND A PRIORI ESTIMATES 
Let Ai denote the operator dj( .),., and for I 20 set kVi(t) =exp(tAi), 
i= 0, 1. Then IV;(t) generates a C,-semigroup on C[ - ‘xi, cxj]; see, e.g., 
[13]. Direct computation using the usual explicit convolution formula 
shows that E’,(t) is analytic and that there exists a constant c such that 
for all f~ C[ -irj, cxj], all integers n> 1, and all t>O we have that 
D, kVi(t)f~ C[ - ‘x;, x’] and that 
l/D W.(t)fll <ct’-“‘*’ ,1 I Xl Ilf II GIL 9 (2.1) 
where D, = d”/(A)“. Inequality (2.1) will naturally play a key role in our 
discussion of regularity below. Meanwhile, we now state our basic local 
existence result: 
THEOREM 2.1. Suppose T,, Y, E C[ - IX, CCI ] and that f  satisfies ( 1.4). 
Then there exists an S> 0 such that Eq. (1.1) have unique local mild 
solutions T, YE C( [0, S]; C[ - ~8, uz]). 
Proof: By mild solutions we mean C[ - KJ, ml-valued functions T(t) 
and Y(t) which satisfy the integral equations 
T(t)= We(t) To+ j' Wo(t-s) QYb)f(Tb))ds (2.2a) 
0 
Y(t)= W,(t) Y,+jr W,(t-s)(-Y(s))f(T(s))ds (2.2b) 
0 
for all t E [0, S]. Note that (1.4b) implies that for all real T, and Tz 
IflT,)-f(T,)I~NIT,-Tzl. (2.3) 
The theorem now follows easily from the contraction mapping principle. 
The next result establishes regularity of the solutions found above and 
asserts that they are strong solutions. 
THEOREM 2.2. Let T, Y be the solutions established in Theorem 2.1. Then 
for any interval of existence [0, S] we have that T.,.(t), T,,(t), Y,(t), Y,,(t) 
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are in C[ --a, a] jor 0 < t 6 S and that T and Y satisfy (1.1) with 
T, YEC~((O,S]; CC--ca,m])nC([O,S]; C[-co,m]). 
Proof. From (2.1) and the accompanying discussion we have that 
(@‘At-s) Y(s)f(Tb))). is in C[-‘Y,, zc] for O<s<teSand in fact 
ll(T(t~)~ll,~.Gcf-‘2 lIToIl, 
+ I ’ c(t--s)-‘.‘2 Qll Y(s)11 x IIf(T(s))ll, h 0 
< ct - I:‘? /I Y0 jl I + 2ct ‘:‘QK, (2.4 
where K=suP~<~<~ IIy(t)ll, IIf(T(t))ll,; similarly . . 
II(Y(t)),(l, $ctP’!’ IIYoll,x +2ct’,‘*K. (2.5) 
Since fVi(t) is generated by a convolution kernel on C[ - co, z] one can 
see by direct computation that d/d-x commutes with W,(t) and thus T, and 
Y, satisfy the integral equations 
T.,(t)=(W,(t) TO),+1 Wo(t-s)Qf-(s)ds (2.6a) 
0 
Y,(t)=(W,(t) Y,).,-j’ W,(t-s)F(s)ds 
0 
(2.6b) 
for 0 < t 6 S, where 
Us) = Y,-(s)f(T(s)) + Y(s)f’(T(s)) Us). (2.7) 
We can now differentiate under the integral signs in (2.6) much as we did 
above (in handling T, and Y,) to show that T,.,(t) and Y,.,(t) are in 
C[ - ic, ccl] for 0 <t < S. A standard application of the dominated 
convergence theorem (see, e.g., [6]) now shows that T(t) and Y(r) are CL 
maps from (0, S] to C[ - 30, wl] and that T and Y strongly solve ( 1.1). 
Note that we have used fairly standard regularity arguments; we have 
sketched the details for completeness. In fact, it is clear that we can 
bootstrap these arguments with further assumptions on f to obtain the 
following regularity result: 
COROLLARY 2.1. Let T, Y, and S be as above. If f and all of its 
derivatives are bounded on compact sets then for all n 2 1, D,T(t) and 
D,Y(t)areinC[-~~,x~]forO<t<S,andforallk>1, Tand Yarein 
P((O, S]; C[ -a, cc]). 
Note that if j” is C x then f satisfies the corollary. In particular, if.f is the 
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Arrhenius rate law we have unique classical solutions of ( 1.1) on (0, S] 
such that T(t) -+ T,, and Y(t) -+ Y, uniformly as t JO. 
We now show that if we further assume that T, and Y, are nonnegative, 
then T and Y are global strong solutions. 
THEOREM 2.3. Let T,, Y,,, and Wi( t) be as above and suppose f satisfies 
( 1.4 ). Then if T, > 0 and Y,, > 0 we have that T(t) and Y( t ) are global strong 
solutions, i.e., S can be taken arbitrarily large in Theorems 2.1 and 2.2, and 
in Corollary 2.1. 
Proof: By standard arguments (see, e.g., [S]) it suffices to demonstrate 
the estimates (1.5) on any existence interval [0, S], which will thus show 
that I( T( t)il,~ and I/ Y(t)11 ~ cannot blow up in finite time. For 0 6 t < S 
consider the time-dependent linear operator 
.4(t) = d,(. ).,., + v(t), (2.8) 
where V(t) denotes multiplication by -f( T(t)). Since f(T) E C( [0, S]; 
C[ - cc, co]) we see that A(t) generates a well-defined fundamental 
solution U(t, s) and that in fact Y(t) = U(t, 0) Y,. Note that for fixed s, 
U(t, s) is a C,-contraction semigroup since V(t) is nonpositive; this 
establishes ( ISb). 
Note also that by standard arguments U(t, s) is positivity-preserving for 
each s. Thus Y, 3 0 implies that Y(r) 20 for 0 <t < S. Since We(t) is 
positivity-preserving and Q is positive, we have from (2.2a) that T, 2 0 
implies T(t) 80 for 0 < t 6 S. Hence from (1.4a) we have that 
O<f(T(t))<Mfor OGfbS, and 
II T(r)11 x < II W,,(t) To II x + P !“ II u’o(t -s) Y(s)f(T(s))ll ic ds 
0 
6 IIT,II, +Q J’ IIm)ll, IIf(Tb))ll.x ds 
0 
d II To II rc + QII Yo II x Mr, (2.9) 
where we have also used (1Sb). Thus (1.5a) is established as well, and so 
global existence is demonstrated. 
Let C, denote the closed subspace of C[ - cxj, co] consisting of all 
continuous functions on R with limits at + rxj. If To and Y, are in C, then 
we note that it follows from the contraction mapping principle used in the 
proof of Theorem 2.1 that T(t) and Y(t) are C, for all t 3 0. We will use 
this fact in Sections 5, 6, and 7. 
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3. REMARKS ON THE CASE d,=d, 
For this and the remaining sections we assume that T, and Y, satisfy 
i”,, Y0 E C[ - x, x ] and r,, Y, 2 0, i.e., the conditions imposed by 
Theorem 2.3. In addition we assume that there exist bounded continuous 
functions T,* and Y,, such that 
lim W,(t) TO = T,x, lim IV,(t) YO= Y, (3.1) 
I - % I-z 
uniformly on compact .u-intervals. It will be pointed out in Section 5 that 
condition (3.1) is satisfied, for example, when TO and Y, have limits 
at &co. 
Set 
Tint(l)=/’ W0tt-s) QY(s)f(T(s))ds, 
0 
(3.2a) 
Yint(l)=J”’ W,(~-S) Y(s)f(T(s))ds 
0 
(3.2b) 
then by the proof of Theorem 2.3, T,,, = Ti,,(x, t) and Y,,, = Yint(x, t) are 
nonnegative for all x and all f B 0. Note from (2.2b) and the nonnegativity 
of Y(r) that 0 Z$ IV,(t) Y, - Yi,Jt), hence 
O6 yint(t)d wl(f) yOG IIwl(f) yOllzc G IIyOII~~ (3.3) 
If do = d, then Tint = QYi,, so that from (2.2a) and (3.3) 
II TCr)ll x 6 II To II x + Qll J’o II x. (3.4) 
Furthermore if Y(f) converges uniformly to a bounded continuous function 
on compact x-intervals, then from assumption (3.1) the same is true 
for Yi,t(t). Thus T(t) = We(t) To + Q Yint( t) also converges on compact 
x-intervals to a bounded continuous steady state. In summary, we have the 
following result: 
PROPOSITION 3.1. If do = d, and assumption (3.1) holds, then T converges 
to a bounded continuous steady state on every compact x-interval if and only 
if Y does. 
4. DECAY OF Y-N INITIAL TEMPERATURE IS 
UNIFORMLY ABOVE IGNITION TEMPERATURE 
We assume that To and Y. are as in Section 2. In addition, suppose that 
there exists a number T, 2 0 such that f( T) is monotonically increasing for 
T> T,. In the special case of the Arrhenius law T, represents ignition 
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temperature. Suppose also that there exists a number c1 such that 
T,(x) 3 c1> T, for all X. Set p = f(cr) then f( T) >f(a) whenever T> ~1. The 
next result establishes a decay rate for Y under these conditions. 
THEOREM 4.1. Let c(, lJ,h and T,, he as above. Then for all t > 0 
IIY(t)ll,,G IIYoll, epB’. (4.1) 
Proof: Since W,(t) is positivity-preserving .we have that 0 6 
W”(t)(T,-cr)= WJt) T,- Wo(t)cr= B’,,(t) T,-a. Combining this with 
the nonnegativity of T,,, we have that T(t) B CI for all t B 0. Hence if we set 
V,(t)=f(T(t))-/I then V,(t)20 for t>O. Let U,(t,s) be the fundamental 
solution generated by the operator A,(t)=d,( .),, - V,(t), then U,(t, s) is 
a nonexpansive operator, i.e., (I U,( t, s) Y, II 3c < II Y0 II x for all 0 6 s d t. Let 
A(t) and U be as in the proof of Theorem 2.3, then since A ,(t) = A(t) + /II 
we have that U(t, s)= U,(t, s) epB”-” for all 0 d s 6 t. Thus II Y(t)11 71 = 
IIV40) Yoll,=lle~s’~i,(~,O) YoII,.=e-BV~,(t,O) YoII,<ee-B’llYoII,. 
COROLLARY 4.1. Under the conditions qf Theorem 4.1, T(t) is uniformly> 
bounded fbr all t. 
Proof: By (4.1) we have 
II T,,, II x G j’ II W,(t) QY(s)f(Tb))ll x dy 
0 
d ; Qll Y(s)lL Ilf(Tb))ll 3c ds s 
<QM rllYo~I, e-“‘ds 
s 0 
Hence 
d QMII Yo II 7c, (lllr). (4.2) 
II T(t)ll x d IITo II x + QMll Yo II x (l/B). (4.3) 
This proves Corollary 4.1; from Proposition 3.1 we have the following 
result: 
COROLLARY 4.2. If in addition to the conditions of Theorem 4.1 we have 
that do = d,, then T(t) converges uniformly on compact intervals to a 
bounded continuous steady state \t!henever We(t) To does. 
Remark. Results similar to those in this section have been obtained 
independently by J. M. Roquejoffre and appear in Section 4 of a report 
preliminary to his future thesis work under H. Berestycki. This report 
contains additional references on equations similar to Eq. ( 1.1). 
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5. DECAY OF YWITH IGNITION AT BOTH ENDS OF THE COLUMN 
In Sections 3 and 4 we assume that WJt) T, and W,(t) Y,, converge 
uniformly on compact x-intervals as t -+ xx. This will occur, for example, if 
To and Y, are in C,, _ the closed subspace of C[ - co, co] consisting of all 
continuous functions on R with limits at f ,;c. We state two lemmas 
concerning C, and the semigroups w,(t); the first lemma notes that W,(t) 
preserves boundary values for finite t and in the second lemma we detail 
the asymptotic convergence of Wi(t) g for each ge C, . 
LEMMA 5.1. LetgEC+ rcithg+=lim,,,g(x)andg~ =lim,,-, g(x). 
Then for each ,fixed t > 0 \r’e have lim, _ x ( W,(t) g)(x) = g + and 
lim x - - -z (wj g)(-d = g-. 
LEMMA 5.2. Let g be as in Lemma 5.1, then lim,, ~ Wi( t) g = 
( g + + g - )/2 uniformly on compact x-intervals. 
We will not give the details of the proofs of the lemmas here except to 
note that they depend on fairly routine arguments using the explicit 
formula for the heat semigroup: let 
then 
N,( y ) = (271t) - I’* exp( - $/( 2t)) (5.1) 
Formula (5.2b) is especially useful in proving the lemmas. 
Lemma 5.2 shows that if T, and Y, are in C, then the convergence 
of W,(t) T,, and W,(t) T, as in (3.1) holds. Moreover, the result of 
Lemma 5.2 is crucial to the remaining results of this section. 
LEMMA 5.3. Let g be as in Lemma 5.1 and suppose that g+, g- >O. 
Then for each E > 0 there exists a t* > 0 such that for all t 2 t*, 
(W,(t)g)(x)ag*-&for aNxE[W, whereg*=min{g+,g-}. 
ProoJ Given E > 0 choose an x-interval [a, b] such that x da implies 
Ig(x) - g- 1 < E and x 2 b implies /g(x) 1 g+ 1 < E. For this interval [a, b] 
there exists by Lemma 5.2 a t* > 0 such that t 2 t* implies that 
I( Wi(t)g)(x)- C(S+ + S-)/2ll <& (5.3) 
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for all x in [a, h]. Now by Lemma 5.1 for each t 2 t* there exists an x, <a 
such that x 6 x, implies I( IVj(t) g)(x) - g ( < E. Applying the maximum 
principle (see, e.g., [7]) to W,(t)(-g) on each of the intervals [x, a] with 
s < s , ) we see that 
(wi(r)g)(-u)2g*-E (5.4) 
for all x in (-m, a]. Note that by construction (5.4) holds for all t > t*. 
Similarly for all .t in [b, a) we have (5.4) for all t 3 t*. Combining with 
(5.3) completes the proof of the lemma. 
We are now prepared to handle the main results of this section: 
THEOREM 5.1. Suppose that T, and Y, are as in Theorem 2.3 with the 
,further assumption that T0 E C, . Set T,+ = lim,, ,% T,(x) and T; = 
lim, _ _ r T,(s). Set T,*= min { T: , T, 1. Then iff is as in Theorem 4.1 and 
T,*> T, there exist a t* > 0 and a /3* > 0 such that .for all t > t* 
(5.5) 
Proof: Choose E > 0 such that TI < T,*- E < T,*. By Lemma 5.3 there 
exists a t* > 0 such that (W,(t) T,,)(x) > T$--E for all I E R and all t k t*. 
Since Ti”t(-u, t) is nonnegative for all x and all t > 0, we see that 
T(t) 2 T,*- E for all t 2 t*. We now apply Theorem 2.3 and Theorem 4.1 to 
(1.1) with initial data T(t*) and Y(t*): here a = T$-E and /?* =/I= f(a). 
Noting also the uniqueness assertion of Theorem 2.1, we see that for all 
tat* 
II Y(t)ll r < II Y(t*)ll x e-‘*‘r-r*‘. (5.6) 
Since 1) Y(t*)ll% < 11 Y,, )I ~ we thus obtain (5.5). 
THEOREM 5.2. Under the conditions of Theorem 5.1, T(t) is uniformi~ 
bounded for all t. 
Proof: We note that we need only show that Tint is bounded. Since 
t H T(t) is a continuous map there exists a constant K* > 0 such that 
O,< Tint(t, X) < K* for all t in [0, t*]. If t 2 t* we have that 
Ti"t(t,.r)=T,,,(t*,x)+S Wo(t-s) QY(S)f(T(S))ds; 
t* 
(5.7) 
combining (5.7) and (5.5) we have 
505%4’?-7 
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d K* + 
s 
,I QMll Y,, )I x e mp*‘.r ~ ‘*’ ds 
G K* + QMII Yo II cc Cl/B* 1. (5.8) 
Thus for all t >, 0 we have Tint bounded by the right-hand side of (5.8). 
COROLLARY 5.1. Zf in addition to the conditions of Theorem 5.1 NUZ have 
that d, = dl, then T(t) converges uniformly on compact x-intervals to a 
bounded continuous steady state. 
6. CONVERGENCE OF YTO ZERO WITH IGNITION AT ONE END 
We assume in this section that ( T,( - ;o ) + T,( + a))/2 > T,, in par- 
ticular either T,,( - ;o ) or T,,( + co) is larger than T,. It seems natural to 
require this condition on the average of the boundary values. This is due 
to the intuitive observation that the values of T,, at either end of the x-axis 
should dominate the dynamics. We have seen some evidence of this already 
in Section 5; here we allow one end to be hot and the other to be cold, 
setting up a competition between ignition and extinguishment. Our 
purpose here is to show that ignition prevails if the average is larger than 
TI. We begin with a proposition which establishes that T(x, t) is eventually 
uniformly above ignition temperature on any ray (-co, b], where we 
assume without loss of generality that T,( - uz ) > T,. 
PROPOSITION 6.1. Let T,, Y, be as in Theorem 2.3. Suppose in addition 
that T,, Y,EC, with (T,(-o~j)+T,(+~))/2>T,, where T,(-ocj)>T,. 
Then for any c( with T, < u < (T,,( - ,x ) + T,( + ‘x ))/2 there exists for each 
ray (-a,b] a t*>O such that T(x, t)>cc whenever xE(-z,b] and 
tat*. 
Proof. Choose E > 0 such that ( T,( - w  ) + TO( + % ))/2 -E > T,. For 
this E there exists an interval [a, b] so that x< a implies that 
IT,(x) - T,,( - UJ)I <E. By Lemma 5.2 there exists a t* > 0 such that 
x E [a, b] and t > t* implies that 
I(Wo(t) T,)(x)- [(Tot-a)+ To(+~x)V211 <E. (6.1) 
Since T,( - cc ) 2 (T,( - cc ) + T,( + m ))/2 it now follows from the proof of 
Lemma 5.3 that for all t 2 t* and all x E ( - XI, b] we have that 
( We(t) T,)(x) > (Td - cc) + Tot + ;x ))/2 - E. (6.2) 
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Set c( = (7’,( - co) + T,( + co))/2 - E, then if XE (- #CYJ, 61 we have from 
(2.2a) that 
for all t 2 I*. 
Our next result asserts that if (T,( -co) + T,,( + ,%))/2 > T, with 
TO( -co) > T, then Y(x, t) converges uniformly to zero on every 
ray (-~0,6]. 
THEOREM 6.1. Under the conditions qf Proposition 6.1 rve haue for each 
ray (-‘s, b] that 
lim sup 1 Y(.u, r)l = 0. 
t-cc - r. < .Y < b 
Proof Let CI be as in Proposition 6.1 and set B =f(cr). Given E > 0 
select k such that 
BP jkx e -OS ds < d3 II Yo II x ). (6.4) 
For reasons that will be apparent later, choose b’ > b such that for k as 
above 
N,(Y) 4-c d3II Y, II ,x ), (6.5) 
where N,(v) is as in (5.2b). Now choose t* as in Proposition 6.1 such that 
t 2 t* and x E ( -co, b’] ensures that T(x, t) > ~1, then forfas in Sections 4 
and 5 (e.g., f satisfies (1.2)) we have that 
f(T(x,r))2B>O 
for all x E ( - co, b’] and t > t*. 
(6.6) 
We now replace TO by T(x, r*) and Y, by Y(.u, t*), that is, we consider 
(l.la), (l.lb) for these new choices of initial data, thus (6.6) holds for all 
XE (- a, b’] and all t >O. Note also that we have not increased the 
supremum norm of our initial data for Y with this replacement. 
Let V(x, t)=f(T(.u, t)) and set 
(6.7) 
then note that V and VP agree on ( - co, b’]. Let U(t, s) be the fundamen- 
tal solution generated by the operator d,( . ).,, - V(t) and let U,( t, s) be 
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the fundamental solution generated by d,( .),,- V,(t); we have that 
Y(r) = U(r, 0) Y,. By Duhamel’s formula 
U(t,O) Y,=U,(t,O) Y0+[‘Up(4s)(~/?0 
0 
- V(s)) U(s, 0) Yods. (6.8) 
Note that the usual variation-of-parameters formula from which (6.8) 
follows is often also referred to as Duhamel’s formula. Let 
S&K) = 
i 
O3 
*K<b’ 
P, I B h’ 
(6.9) 
then V,(X, S) - V(.u, S) < S&x) for all x; since U(r, S) and U,(r, S) are 
positivity-preserving we have from (6.8) that 
O<U(t,O) Yo<U,(t,O) Y,+pl (t,s)SBU(S,O) 
0 p 
Yods. (6.10) 
Now set V*(X) = V, - /I and let U*(t, S) be the fundamental solution for 
A*(t), where A* = d,( .),, - V*. We have that U,(t, S) = e mP(r-s’ CJ*(t, s); 
meanwhile it follows from Trotter’s product formula and by positivity 
preservation that I(U*(r, S) q)(x)1 d (exp(td,( .),,)\~I)(x) for all J (see, 
e.g., [S] for the case when (PE L*; the case when (PE C[ -co, ~1 follows 
similarly). Combining these remarks with the fact that )I U(t, 0) Y, 11 r < 
II yo II x we see from (6.10) that for all x 
G II roll JT e@’ + II Y. II r !*: e -p(r-s) (e”-“‘d~3 sB)(x) & (6.11) 
Here ec’-“dld=exp((r-s)d,(.),,). 
Now by (52a) and (5.2b) we have that 
s 
I 
= e pBs (esd“’ SB)(x) ds 
0 
N,(y)S&x-,/&,l’)dyds; (6.12) 
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Note that the right-hand side of (6.13) is less than /I/2 if X-C b’, in fact, 
noting that exp( -/Is) < 1 we have from (6.4). (6.5), (6.12), and (6.13) that 
for xdb 
,;i;; +p jiemB, j’-‘“I 
N,(y) dy ds 
<Bk .c 
I*ihl“XN,~~)~~l+(p2~j~ ePS.‘ds 
~~E/~3II~oIIr~+~/~3II~oII~~. (6.14) 
If we now select t’ so that II Y. II r exp( -fit’) < s/3 then from (6.11) we have 
(recalling that Y,,(x)= Y(x, t*)) that 
O<(U(t,O) Y())(x)= Y(s, t)<& (6.15) 
for all XE (- ‘XI, b] and t 3 t’. With respect to our original initial data 
we are saying that 0 < Y(x, t) <E for all XE (-co, b] if t 2 t* + t’. This 
completes the proof of Theorem 6.1. 
7. Two EXAMPLES 
Throughout this section we assume that f is of the form (1.2) with the 
appropriate modification made in the Introduction for the case T, > 0. We 
begin with a simple result which establishes a lower bound on the decay of 
Y whenever Y, is a constant and T(t) is uniformly bounded. 
LEMMA 7.1. Suppose 0 < T(t) d tl on the interval [0, S] and set /? =f(x). 
Then if Y. is a positive constant we have for all t E [0, S] that 
Y(t)> (1 -fit) Yo. (7.1) 
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Proof From (1.5b) and (2.2b) we have, since IV,(t) Y,= Y,, that 
Y(t)= W,(r) Y,-J’ W,(r-s) Y(s)f(T(s))ds 
0 
f 3 yo - s II W)f( T(s))ll x ds 0 
3 Yo- IIYOII, Pf=(l-Br) yo (7.2) 
for all 0 < t < S. 
Note that /I is small if either B is small or T is not much bigger than T,; 
in this case (7.1) says that Y decays at most at a very slow linear rate 
on [0, S]. 
If T is not necessarily bounded, note that we can still replace (7.1) by the 
cruder estimate 
Y(t)>(l-Br) Y(), (7.3 j 
where B is as in (1.2); note B = llfll x. W e will use (7.3) in our first example 
below. For the rest of this section we assume that Y, is a positive constant 
and that T,( - cx, ) > TI while 
(T,(-cc)+T,,(+a))/2<TI. (7.4) 
In our first example we show that despite condition (7.4) we eventually 
obtain flame propagation and concentration decay as in Section 6 provided 
Q is large enough. Since T,( - co ) > T, there exist a t* > 0, and CI* > T,, 
and a ray (-co, b*] such that ( We(t) T,,)(x)> a* > T, for all 
XE (- ‘x), 6*] and t E [0, I*]. From (7.3) we have that Y(t) 2 rYo, where 
y = 1 - Bt* for all t E [0, t*]. By selecting t* smaller, if necessary, we can 
arrange that y > 0. 
Now since T(t)> We(t) To we have for .uo(-a,6*] and t~[O,t*] 
that T(x, t) 2 c(* and hence f(T(x, tj) kf(cl*) >O. Thus we have from 
(2.2a) and the positivity-preserving property of We(t) that 
T(x, t*)>(Wo(t*) r,)(x)+ j” H’Jt*-s) QyY,S*ds, 
0 
where 
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In a calculation similar to that leading to (6.13), we have that 
( Wo(t*---s) s*)(x)>if(~*) for all XE(--ocl, b*]. Hence 
T(x, t*) 2 ( Wo(t*) T,)(x) + + @Y&a*) t* 
2 ct* + $ @Y,f(cc*) I* (7.5) 
for all x E ( - cc, b*]. In particular (7.5) holds for x replaced by - ~0; as 
noted before, T and Y are in C+ whenever To and Y, are. Since 
T>W,(t)T,wealsohavethat T(+~xl,r*)~(Wo(t)To)(+~~)=To(+~x~). 
where we have used Lemma 5.1. From (7.5) we thus see that we can choose 
Q large enough so that 
(T(-m,t*)+T(+a,f*))/2>TI. (7.6) 
Hence if we let (T(f*), Y(t*)) be our initial data for (l.la), (l.lb) then we 
see from Proposition 6.1 that for t large enough T(.u, t) is uniformly above 
T, on any ray (-a, 61, and also by Theorem 6.1, Y(x, t) decays to zero 
on (-cc, b]. Since b is arbitrary we note, as in the next section, that in 
particular b can be moved steadily to the right by making t large enough. 
Hence, although we began with ( T,,( - ,x8 ) + T,,( + xl))/2 < T,, for large 
enough Q we have that eventually T(x, t) > tl> T, and Y(x, t) + 0 for each 
x if t is large enough. Hence the flame is not extinguished, but rather 
eventually propagates steadily to the right. 
For the next example we assume that Y0 and T,( f co) are as above 
and also assume that d, = d,. Let Tint and Yi,, be as in Section 3, 
then T,,, = Q Yin, 9 so from (3.3) we have that II T,,, II 35 6 Qlj Y,, 11~ Let 
c1= T, - (T,( - cc ) + T,( + cc ))/2, then from the proof of Lemma 5.3 there 
exists for each ray [a, + XC) a f* such that t> t* implies that 
( We(t) T,)(x) Q TI - (42) for x E [a, + x). We now select Q small enough 
so that Qll Y, II r 6 ~42. Then from (2.2a) we see that for all t > I* and all 
XE [a, + a) we have that 
0 ’ T(x’ ‘) = ( W,(t) T,))(.Y) + Tint(x. f) 
~(T,-(a/2))+QllY,II,~T,. (7.7) 
Hence if Q is small enough the flame is eventually extinguished on every 
ray [a, + a). For t 2 t* any decay of Y on [a, + 8~) is solely due to 
diffusion out of the left boundary. Note also that the ray [a, + cc) can be 
steadily enlarged by selecting t large enough. 
If we set d,=d, in both examples above, we see in that case that Q is 
a potential threshold parameter if the other parameters are fixed. In fact, 
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set W= T + Q Y, then as in [lo] we assume, for simplicity, that d, = d, = 1 
and rewrite (l.la), (l.lb) as 
T, = T,, + ( W - T) .I-( T) (7.8a) 
w* = W.Y.V. (7.8b) 
Here W(0) = To + QY, = W, so that W(t) = erd W,. Thus we can rewrite 
(7.8a), (7.8b) as the single equation 
T, = T,, + (P W, - T)f( T). (7.9) 
Now suppose T’ solves (7.7) with W, replaced by Wb, with 
w;> w,. (7.10) 
Set T= T’ - T, then T satisfies 
T, = T.,, + V,(t) T+ VI(f), (7.11) 
where 
v,(f)= (e’“W,- T)f’(cp)-./IT’), 
Vz(t)=erd(Wb- W,)f(T’). (7.12) 
Here cp = T + e( T’ - T), where 8 E (0, 1) is chosen so that 
f(T’)-f(T)=f’(cp)(T’- T). (7.13) 
Let U( t, s) be the fundamental solution for the operator ( . ).,, + V,(t), then 
from (7.11) we see that T satisfies 
~(f)=u(~,o)~,+j’(i(~,s)v,(s)ds. (7.14) 
0 
where To = Tb - To. 
Since U(r, s) is positivity-preserving and (7.10) holds, we see that 
T(t) > 0 for all t 3 0 provided Tb > To. In particular, if all other parameters 
remain fixed, replacing Q by Q’ in W, with Q’> Q implies that 
T’(t) > T(r). 
With all other parameters fixed and do = d,, let S* be the set of all Q 
such that eventual flame propagation occurs and let S, be the set of all Q 
such that flame extinguishment occurs. Our two examples show that both 
sets are nonempty. Set Q* = inf S* and set Q, = sup S,. Our comparison 
principle that we have just shown for Q implies that Q* = Q,. Thus Q is 
a genuine threshold parameter when the other parameters are fixed and 
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do =d,. Note that our comparison result establishes a monotone 
dependence of T on To and Y, as well in the case L$, = d,. 
In summary, for Y, and T,,( f x8) as above, we can guarantee steady 
flame propagation if Q is large enough, and we can guarantee flame 
extinguishment on any ray [a, + co) if Q is small enough and (I0 = d,. In 
fact, with d,, = d, and all other parameters fixed, we have shown that Q is 
a threshold parameter. 
8. REMARKS 
As previously noted, the results in Sections 6 and 7 correspond to the 
physical situations of greatest interest and practical relevance. Our 
averaging condition in Section 6 is a reasonable one since in practice T, is 
a small number while the burnt temperature is typically very large. The 
examples in Section 7 show that if the averaging condition is not met, then 
either flame propagation or extinguishment can occur. Note that the first 
example in Section 7 also applies when equality holds in (7.4). 
There is a sense of movement expressed by Proposition 6.1 and 
Theorem 6.1: given any ray (- ‘rj, 61 on the *u-axis (here T( - x ) > T,), 
there exists a time t, such that once t > t, we have T(x, t) 3 a > T, for 
s E ( -x1, 61 and complete asymptotic burning is guaranteed for Y(x, t) 
with x E (- ;cj, 61. If 6, > 6, then T(x, t) 3 c( > T, and complete asymptotic 
burning is guaranteed for Y(x, t) with XE (-#x’, b,] by choosing t 3 t, for 
some r, > t,. We can thus regard (- ‘xj, b] as a region of ignition whose 
endpoint b can be moved steadily to the right by choosing t successively 
large enough, thus mimicking to some extent the movement of traveling 
waves. The allowed position of b relative to t, the rate at which Y is burned 
in ( - co, b], and the diffusion of unburned concentration into ( - x8, b] are 
all connected to the diffusion rates for T and Y, thus the relationship 
between d, and d, may prove crucial to a precise analysis of this move- 
ment. The relationship between diffusion coefficients has already been 
addressed in the context of stability of traveling waves [4, 9, 1 l] and 
recently in a discussion of a complex flame model [S]. 
We note the key role played in the above discussions by the theory of 
positivity-preserving semigroups. This was also the case in proving a global 
existence result in [Z]. The reader will note the similarity between the 
positivity-preserving semigroup methods used in many of the above 
arguments and comparison techniques based on the maximum principle 
[7], which have been applied so successfully elsewhere. Somewhat less 
standard here is the use of Duhamel’s formula at a key juncture in 
Section 6. Finally, we note that we found the discussion in [ 1 ] very helpful 
toward understanding threshold phenomena. 
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